ABSTRACT: Capillarity is the study of interfaces between two immiscible liquids or between a liquid and a vapor. The theory of capillarity was created in the early 1800s, and it is applicable to mesoscopic and macroscopic (>1 μm) systems. In general, macroscopic theories are expected to fail at the <10 nm scales where molecular details may become relevant. In this work, we show that, surprisingly, capillarity theory (CT) provides satisfactory predictions at 2−10 nm scales. Specifically, we perform atomistic molecular dynamics (MD) simulations of water droplets and capillary bridges of different symmetry in contact with various surfaces. The underlying structure of the surfaces corresponds to hydroxilated (crystalline) silica which is modified to cover a wide range of hydrophobicity/hydrophilicity. In agreement with CT, it is found that water contact angle is independent of the droplet/bridge geometry and depends only on the hydrophobicity/hydrophilicity of the surface employed. In addition, CT provides the correct droplet/bridge profile for all (hydrophobic/hydrophilic) surfaces considered. Remarkably, CT works even for the very small droplets/bridges studied, for which the smallest dimension is ≈2 nm. It follows that the concepts of surface tension and contact angle are indeed meaningful at 2−10 nm scales even when, macroscopically, such concepts are not justified. In order to confirm the self-consistency of CT at 2−10 nm scales, we also calculate the capillary forces between different surfaces induced by water capillary bridges. These forces depend on the liquid−vapor surface tension of water, γ. Using CT, the calculated forces indicate that γ = 0.054 ± 0.001 N/m 2 . This is in agreement with the value γ = 0.056 ± 0.001 N/m 2 obtained independently using the Kirkwood−Buff method, and it is consistent with values of γ reported in the literature for the present water model. Confirming the validity of CT at 2−10 nm scales has relevant implications in scientific applications, such as in our understanding of selfassembly processes at interfaces. We discuss briefly this and other consequences of the present results.
I. INTRODUCTION
Capillarity is the study of deformable interfaces formed between a liquid and a vapor or between immiscible liquids. 1 Examples of capillarity phenomena are abundant. For example, it is the formation of water bridges (capillary bridges) between grains of sands that allows sand castles to stand still. 2 In biology, e.g., capillarity phenomena allow insects to "walk" on water 3 and provide insects with adhesion pads in their legs to attach to surfaces. 4, 5 In medicine, capillary bridges may form during inflammatory processes of lungs. 6, 7 Capillarity plays a major role in diverse technological and scientific applications, such as in soil science and climate as well as in textiles production and the treatment of glass surfaces. 1 The field of capillarity was developed in the early 19th century by Laplace and Young. 1 The classical theory of capillarity is well-developed and is based on the concept of surface tension. Capillarity theory (CT) is a macroscopic approach applicable to liquid volumes in the >1 μm scales. Extending CT to the nanoscale is desirable partially due to its relevance in scientific and technological applications. 8 For example, humidity can induce the formation of capillary bridges of nanoscale dimensions between the tip of atomic force microscopes (AFM) and the surface of interest. 9−11 Such nanoscale liquid bridges may affect AFM measurements, 12, 13 and quantifying such capillary bridge forces is hence necessary. Similar liquid bridges play relevant roles in "dip pen" nanolithografy techniques, 14 industrial processes such as sintering, 15 and ink transfer processes in contact printers. 16−18 As the typical length scale is reduced below 100 nm, deviations from CT are expected, particularly at <10 nm scales where molecular details become relevant. Remarkably, computer simulation studies of <10 nm size droplets are consistent with macroscopic predictions of CT; for example, these studies show that the average profile of nanoscale droplets is indeed spherical (as predicted by CT) (see, e.g., refs 19−21) . Similarly, detailed studies of nanoparticles immersed in a liquid and vapor phase show that the solvent-mediated interactions between (≈ 2 nm size) particles are consistent with CT. 22 We note that theoretical and computer simulation studies show that CT can be used to describe accurately the adsorption behavior of nonspherical nanoparticles at liquid−liquid interfaces. 23, 24 Many of these computational studies are based on idealized liquids and/or surfaces where, for example, the liquid and/or surfaces are composed of Lennard-Jones particles (see, e.g., ref 25 ). Yet, computer simulations show that expressions obtained from CT, in general, hold at the nanoscale. In a different context, macroscopic thermodynamics has been applied successfully to study nanoconfined fluids. 26−28 However, in many of these cases, the expressions from CT are employed to fit simulation data using quantities, such as surface tensions, as free fitting parameters. In other cases, successful application of CT to describe nanoscale systems requires additional concepts, such as line tension, which play no role at the macroscale (see, e.g., refs 19, 22, 24, and 29) . In some situations, application of CT to small systems requires additional nontrivial approximations. 30 It follows that although expressions from CT may hold at the nanoscale, it is not evident whether the basic hypothesis of CT hold at nanometer-scale dimensions and, hence, whether the theory is self-consistent.
The goal of this work is to test whether the fundamental hypothesis of CT hold at the 2−10 nm scales. Specifically, macroscopic (>1 μm) CT assumes that (i) the surface tension of a given liquid (in contact with a another liquid, vapor, or solid) is universal, i.e., it is independent of the liquid interface geometry (e.g., liquid droplet vs liquid bridge), and (ii) the free energy of the system can be expressed solely in terms of the surface tensions of the liquid of interest (in contact with a vapor, solid, or other relevant phase), the geometry of the liquid interface, and the free energy of the bulk liquid. To test point i, we perform molecular dynamics (MD) simulations to study droplets and capillary bridges of <10 nm scale dimensions in contact with hydrophobic and hydrophilic surfaces. We use a realistic full-atomistic model system where the droplet/bridges are composed of water molecules and the walls correspond to hydroxilated silica (see section II.A). We find that CT predicts remarkably well the profiles of all the droplet/bridge studied. Remarkably, for a given surface, we recover the same liquid− vapor surface tension and water contact angles, confirming the validity of point i. To test point ii, we focus on the water capillary bridges between the same surfaces employed in point i and study the forces induced by the capillary bridges on the walls. These forces are simple derivatives of the system free energy. Remarkably, the forces obtained from simulations are in quantitative agreement with the predictions of CT. In particular, the relevant quantities that define these capillary forces, such as surface tension and contact angle, are in agreement with the corresponding values obtained in the studies of point i. Our results confirm that points i and ii hold quantitatively at 2−10 nm scales and, hence, that CT is selfconsistent at such small dimensions. This paper is structured as follows. In section II, we discuss the simulation details and, in particular, the methodology followed to calculate the droplet and bridge properties from both MD simulations and CT. Section III presents the main findings of this work, i.e., a detailed comparison of computer simulation results and the corresponding predictions from CT. A summary and discussion are included in section IV.
II. COMPUTER SIMULATIONS AND NUMERICAL METHODS
A. Simulation Details. Our findings are based on MD simulations of water nanodroplets and bridges in contact with surfaces of different hydrophobicity/hydrophilicity. We consider two kinds of droplets: axis symmetric (AS) and translationally symmetric (TS) (see Figure 1) . The AS droplets are symmetric under rotations around the z-axis, which is perpendicular to the surface (see Figure 1a ,e). The TS droplets are symmetric under translations along the y-axis 31 (see Figure  1b,f) . In all cases, periodic boundary conditions are applied along the x-, y-, and z-axes, and the walls expand across the entire xy-plane. Similarly, we consider capillary bridges formed between parallel surfaces that are axis symmetric and translationally symmetric [see Figures 1c,g and 1d ,h]. By considering TS droplets and TS bridges, we remove any effect due to (vapor−solid−liquid) line tensions that may play a relevant role in the case of nanoscale AS droplets/bridges (see, e.g., refs 19 and 32).
All simulations are performed for a cubic system of side length L, at constant volume, number of water molecules N, and temperature T = 300 K. Simulations are performed using the LAMMPS software package 33 with water molecules being represented by the SPC/E model. 34 Coulomb and Lennard- The Journal of Physical Chemistry C Article Jones interactions are cut off at distance r cutoff = 10 Å, and longrange electrostatic interactions are calculated using a particle− particle particle-mesh solver 35 with an accuracy value of 10
. The temperature is controlled using a Nose−Hoover style thermostat employing the equations of motion described by Shinoda et al. 36 All simulations are run for 5 ns, and the last 2 ns of the simulation is used for data analysis.
In the case of AS droplets, we consider two system sizes: N = 3375 (L = 138.6 Å) and N = 6750 (L = 277.2 Å). This allows us to test for size effects in our calculations. AS bridges are composed of N = 3375 (L = 138.6 Å). In these cases, the starting water droplet/bridge configuration is a cubic configuration taken from an independent simulation of bulk water at ρ = 1 g/cm 3 and T = 300 K. The TS droplets and TS bridges are composed of N = 9897 molecules (L = 138.6 Å). In these cases, the starting water configuration is orthorhombic (obtained from an independent simulation of bulk water equilibrated at ρ = 1 g/cm 3 and T = 300 K) that extends across the system along the y-axis. In the case of bridges, the starting water configuration is sandwiched by two identical walls separated by a distance h = 50 Å, which is maintained constant during the whole simulation. We note that in all cases the starting configuration is not relevant since it takes a few picoseconds for the water molecules to reorganize in a spherical (AS droplet), cylindrical (TS droplets), or bridge-like geometry.
For each droplet and bridge system, we consider a family of walls that vary in the degree of hydrophobicity/hydrophilicity. These walls have been used previously and are described in detail in refs 37 and 38. Briefly, the wall structure corresponds to four layers of SiO 2 , reproducing the (1, 1, 1) face of β-cristobalite. The walls are orthogonal to the z-axis, span the entire system, and are periodic along the x-and y-directions. The wall surface in contact with the water droplet/bridge is hydroxylated by attaching a hydrogen (H) atom to each surface oxygen. The Si and O atoms are fixed during the simulation, but the OH bonds, of fixed length 1 Å, are allowed to rotate in a plane parallel to the wall. In LAMMPS, this is done by fixing simultaneously the H−Si and H−O distances of the surface silanol groups (i.e., by fixing the distances of the H atom to the closest O and Si atoms). As a result, H and O atoms of the silanol groups are located in planes separated by Δz ≈ 0.33 Å from each other. In all simulations we measure the distance to a given wall as the distance to the plane of the wall's H atoms.
All wall atoms, with the exception of the H atoms, interact with water via a Lennard-Jones potential. Only the Si, O, and H atoms of the surface silanol groups have a nonzero partial charge, and hence, they interact with water via Coulomb interactions. The wall structure, LJ parameters of the wall atoms, and the corresponding partial charges are provided in ref 38 . In the hydroxylated silica surface, the silanol group partial charges are q 0,Si = 0.31e, q 0,O = −0.71e, and q 0,H = 0.40e and the surface is hydrophilic, as expected. In order to vary the hydrophilicity of the surface, we follow ref 37 and rescale the silanol group partial charges by a factor 0 ≤ k ≤ 1, i.e., q i → k × q 0,i where i = O, Si, and H. It can be easily shown that k is an adimensional factor that quantifies the surface polarity.
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In the case k = 1, one recovers the original hydroxylated silica walls. For k = 0 the surface is hydrophobic; surface atoms have no partial charges, and the H atoms effectively vanish since they have no interactions with water. In ref 37, it is shown that the surfaces are hydrophobic; i.e., the contact angle of SPC/E water is >90°, for approximately k < 0.4. We note that the simulations of ref 37 were performed using an in-house MD code, while the present simulations are performed using the LAMMPS package and simulations time scales are much longer. As shown below, the present results show that the contact angles of water in contact with the different surfaces studied are in agreement with the values reported originally in ref 37.
B. Methods and Numerical Calculations. In this section, we describe how the droplets/bridges profiles and density contour maps reported in this work are calculated from the MD simulations. We also describe the procedure followed to fit the MD simulation profiles using the corresponding equations from CT.
1. Droplet and Bridge Profiles from MD Simulations. For AS droplets and AS bridges, the corresponding profiles are built from 2000 snapshots obtained from the last 2 ns of the simulation and taken every 1 ps. For each snapshot, we first define a z-axis passing through the center of mass of the droplet/bridge, perpendicular to the wall(s). The droplet/ bridge is then covered with overlapping slabs of thickness 5 Å parallel to the wall(s) and shifted vertically by 2.5 Å with respect to each other. For each slab, centered at a distance z from the wall (or from the midpoint between the walls in the case of AS capillary bridges; see Figure 1g ), we calculate the average density ρ slab (r) as a function of the distance r from the z-axis. Specifically, we divide the slab into thin rings of inner and outer radii r and r + Δr, respectively, where Δr = 0.5 Å, and calculate the average number of water O atoms in the ring. As expected, ρ slab (r) is constant within the droplet/bridge, and it decays abruptly to practically zero in the vapor phase. Hence, we define the droplet/bridge radius at height z, r prof (z), as the distance r at which ρ slab (r) = ρ 0 = 0.2 g/cm 3 (our results are not sensitive to slight variations in ρ 0 ). The function r prof (z) provides the droplet/bridge profile for the given snapshot. By averaging r prof (z) over the 2000 snapshots, we obtain the final droplet/bridge profile.
A similar procedure is employed to calculate the profiles of TS droplets and TS bridges (Figure 1f ,h). As before, for each snapshot, we identify the droplet/bridge center of mass and define a z-axis passing through it, perpendicular to the wall(s). The droplet/bridge is divided into slabs, as explained previously and for each slab, centered at a distance z from the wall (or from the midpoint between the walls in the case of TS capillary bridges; see Figure 1h ), we calculate the average density ρ slab (r). However, for TS droplets/bridges, we divide the slab into rods parallel to the y-axis, with inner and outer coordinates r and r + Δr, respectively, where Δr = 0.5 Å (note that in these cases r is defined as the distance to the x = 0 plane). The distance r at which ρ slab (r) = ρ 0 = 0.2 g/cm 3 defines the boundary of the droplet/bridge. By averaging r prof (z) over the last 2000 snapshots of the simulation, we obtain the final droplet/bridge profile.
In the case of AS and TS bridges, the liquid bridge must be symmetric with respect to its middle-height point (i.e., the bridge neck) which is located at the midpoint between the walls, z = 0 (Figure 1g ,h). Accordingly, for bridge profile calculations, we take the average of r prof (z) and r prof (−z) and report the profile only for 0 ≤ z ≤ h/2.
2. Droplet and Bridge Profiles from Capillarity Theory. Based on the concept of surface tension, CT predicts that the density profiles of AS droplets on a surface are spherical
( 1) where r(z) is the radius of the droplet at height z and R is the radius of the droplet profile (see Figure 1e ). The spherical
The Journal of Physical Chemistry C Article profile is centered on the z-axis, at height z c , and the wall is located at z = 0. Equation 1 is also valid for TS droplets provided that r(z) is defined as half the thickness of the droplet at height z (Figure 1f ). In the case of AS bridges, the expression for r(z) is not trivial and involves special functions (see, e.g., ref 39). In this case, the following differential equation can be used to define the density profile (see Appendix)
where r(z) is the radius of the AS bridge at height z, H = (1/R 1 + 1/R 2 )/2 is the average surface curvature of the bridge, 1 R 1 and R 2 are the surface radii of curvature, and r 0 is the bridge radius at z = 0, i.e., at half the bridge's height (Figure 1g ). We follow the sign convention of ref 1, where R 1 and R 2 can be positive or negative. For given values of H and r 0 , eq 2 can be integrated numerically and the bridge profile r(z) can be calculated.
For TS bridges, the average surface curvature is H = 1/(2R 2 ), i.e., R 1 = ∞ (compare Figures 1g and 1h ). Since the average surface curvature of the TS bridge is constant, it follows that the TS bridge profile is a circle of radius R 2 . The circular profile is centered at z c = 0 and r c = r 0 − R 2 , where r 0 is half the thickness of the bridge at z = 0, i.e.,
The theoretical profiles r(z) resulting from eqs 1−3 are used to fit the droplets/bridge profiles obtained from MD simulations. The theoretical profiles only require the parameters (R, z c ) for the case of AS and TS droplets and (H, r 0 ) for the case of AS and TS bridges. In order to identify the parameters that best fit the simulation profiles, we use the Figure 2 . Density contour maps for the droplets and bridges in contact with hydrophobic (k = 0.0, left column) and hydrophilic (k = 0.6, middle column) surfaces. The right column shows the top view of the droplet/bridges in contact with the hydrophilic (k = 0.6) surface. The first and second row are the density contour maps of the large AS and TS droplets, respectively; the density contour maps of AS and TS bridges are shown in the third and fourth row, respectively. Color bars indicate the density scale in g/cm 3 [for comparison, we note that the density of bulk SPC/E water at the present temperature (T = 300 K) and P = 0.1 MPa is ≈1 g/cm 3 41 ].
The Journal of Physical Chemistry C Article following procedure. (i) On the basis of the MD simulations droplet/bridge profile, we define a reasonable range for the fitting parameters (R, z c ), for the case of droplets, and (H, r 0 ), for the case of bridges. We set these parameters to the corresponding lowest values to be explored and calculate the theoretical profiles r(z) using eq 1, 2, or 3.
(ii) For each point i of the droplet/bridge profile, (r i , z i ), obtained from the MD simulation, we calculate the corresponding distance d i to the theoretical profile r(z). Specifically, from each point (r i , z i ) we find a line which crosses the curve r(z) at a right angle and measure the distance between the crossing point and point (r i , z i ). (iii) We calculate the error between the theoretical and MD simulation profile as
where N p is the number of points of the droplet/bridge profile obtained from the MD simulation. (iv) We change the parameters (R, z c ) (droplets) or (H, r 0 ) (bridges) by small increments and repeat steps ii−iv until the whole range of the parameters is covered. For each set of values (R, z c ) or (H, r 0 ) we obtain a value of ϵ. The set of parameters for which ϵ is minimum provides together with eqs 1−3, the theoretical droplet/bridge profiles.
We note that knowledge of the parameters (R, z c ) or (H, r 0 ) allows one to calculate any geometrical property of the droplets and bridges. For example, the contact angles for the AS and TS droplets can be obtained from the (R, z c ) parameters using eq 21 of the Appendix. Similarly, the contact angle between a TS bridge and the wall can be calculated using eq 3, and it is given by
The contact angle for the AS bridges is obtained from the derivative of the profile given by eq 2 evaluated at z = ±h/2, i.e., at one of the surfaces. 3. Density Contour Maps. The density contour maps (DCMs) provide complementary information to the droplets/ bridges profiles. To obtain the DCM, we divide the system box into cells of dimensions 1 × 1 × 1 Å 3 . For each cell i centered at location (x i , y i , z i ), we calculate the average local density ρ(x i ,y i ,z i ). As for the density profile, ρ(x i ,y i ,z i ) is calculated by averaging over the last 2 ns of the simulation.
For AS droplets and AS bridges, we average the density field ρ(x i ,y i ,z i ) over boxes in the z = z i plane, intersected by cylinders of radii r i , and generate a radial density map ρ(r i ,z i ). Specifically, ρ(r i ,z i ) is the density averaged over boxes with coordinates (x j , y j , z j ) that satisfy r i = (x j 2 + y j 2 ) 1/2 and z j = z i . The set of values ρ(r i ,z i ) are used to construct the side view of the DCM, ρ side (r,z). The first and third rows of Figure 2 , columns one and two, show ρ side (r,z) for AS droplets and AS bridges.
In the case of TS droplets and TS bridges, the side view of the DCM ρ side (r,z) is constructed by averaging ρ(x i ,y i ,z i ) over all boxes in the z = z i plane and intersected by vertical planes perpendicular to the x-axis (the TS droplets and TS bridges are periodic along the y-axis). Specifically, ρ(r i ,z i ) is the density averaged over boxes with coordinates (x j , y j , z j ) that satisfy |x j | = r i and z j = z i . The second and fourth rows of Figure 2 , columns one and two, show ρ side (r,z) for TS droplets and TS bridges.
For all droplets and bridges, we also calculate the projection of the density field ρ(x i ,y i ,z i ) on the xy-plane. This provides a top view of the density map, ρ top (x,y) ; see, e.g., third column of Figure 2 . This is done by averaging the density field ρ(x i ,y i ,z i ) over all z i values, for fixed x i and y i . We note that the density map ρ top (x,y) is sensitive on the range of values of z i used to average ρ(x i ,y i ,z i ). In the case of capillary bridges, this range is clearly the bridge height, h = 50 Å. In the case of droplets, we use the height of the drop at z = 0, as defined from the corresponding ρ side (r,z).
III. RESULTS
A. Droplets and Bridges Profiles and Density Contour Maps. Figure 2 shows the density maps for different geometries and two values of the surface polarity k. The first and second columns show the side view of the DCM of (top to bottom) AS droplets, TS droplets, AS bridges, and TS bridges for k = 0.0 and k = 0.6, respectively. The third column shows the top view of the DCM for the same geometries and for k = 0.6. Two main observations follow from Figure 2. (i) In all cases, the liquid−vapor interface is rather sharp, 5−10 Å thick, and the density of water decreases monotonically as the vapor phase is approached. Instead, water at the solid interface is rather structured with nonmonotonic density changes along the z-direction (perpendicular to the wall), which is consistent with previous studies. 38, 40 (ii) The density of bulk SPC/E water is ≈1 g/cm 3 at P ≈ 0 and T = 300 K. 41 Interestingly, all DCMs in Figure 2 exhibit regions where the density is ≈1 g/cm 3 , suggesting that all bridges/droplets have a domain of bulk-like water. That this should be the case is not evident given the small dimensions of some of the geometries studied, 2−3 nm, and the presence of interface fluctuations inherent to liquid− vapor interfaces.
Next, we compare the density profiles obtained from MD simulations and the corresponding predictions from CT (eqs 1−3). The profiles for AS and TS droplets are shown in Figures  3a and 3b while the profiles for AS and TS bridges are shown in Figures 4a and 4b . The agreement between CT and MD simulations is remarkable, for all droplets/bridges and surface hydrophobicity/hydrophilicity. The fitting parameters of the density profiles in Figures 3 and 4 , for all geometries and values of k, are presented in Tables 1 and 2 .
One of the most important assumptions of (macroscopic) CT is that the contact angle of a liquid is independent of the geometry of the interfaces involved. To test this point, we include in Tables 1 and 2 the contact angles θ c of the water droplets and bridges studied, for all values of k; the corresponding values of θ c as a function of k are shown in Figure 5a . Our MD simulations indicate that indeed water contact angle is independent of the geometry of the interfaces involved and it depends solely on the walls considered (i.e., θ c = θ c (k)). Similar findings have been reported for nanodroplets sitting above hydrophilic patches of heterogeneous surfaces. 32 In particular, since water contact angle depends on the liquid− liquid, liquid−solid, and liquid−vapor surface tensions, the present results also suggest that at 2−10 nm scales the surface tensions can be treated as independent of the interfaces' curvature, a rather nontrivial result (see, e.g., ref 42) .
We also stress that in the comparison of the density profiles from theory and simulations we did not include any line tension. Indeed, our results indicate that for >2 nm scales droplets/bridges the line tension plays a minor role. To show this, we focus on the values of θ c obtained from the small AS, large AS, and TS droplets ( Table 1 ). The correction in the calculated values of θ c (k) due to a nonzero line tension τ(k)
The Journal of Physical Chemistry C Article can be obtained from the modified Young equation, 19, 43 and it is given by cos θ c (r B ) − cos θ ∞ = −τ/(γ LV + r B ), where γ LV is the liquid−vapor surface tension, r B is the radius of the droplet base (Figure 1e,f) , and θ ∞ is the macroscopic contact angle given by Young's equation, cos θ ∞ = (γ SV − γ SL )/γ LV . Thus, the contact angle obtained from the TS droplet is the true, i.e., macroscopic, water contact angle (r B = ∞). In particular, a nonzero τ(k) implies that the values of θ c (k) should differ among the small AS, large AS, and TS droplets. However, a comparison of the values of θ c given in Table 1 indicates that |Δθ c (k) | ≤ 3.5°. This is close to the difference in θ c between the small and large AS droplets (Table 1) . Therefore, any effect of τ in the studied systems is within the error bars in the calculated θ c . Negligible line tensions have been also found in the case of water droplets in contact with amorphous silica surfaces. 44 It follows from this discussion that the concept of contact angle and surface tension hold even at the 2−10 nm scale, which is surprising given the small length scales of the systems considered. For example, the smallest droplet studied in contact with the k = 0.65 surface is only 2 nm high while the thickness of the liquid−vapor interface is 0.8−1 nm and the typical thickness of the solid−water interface is ≈1−1.4 nm. 40 Hence, there is very little space left within this droplet to contain bulklike water.
The functional form of cos θ c (k) [ Figure 5b ] can be fitted very well by a quadratic polynomial cos θ c (k) = −0.31 − 0.18k + 2.82k 2 . Such a quadratic dependence on k can be rationalized in terms of the Young equation which states that cos θ c = (γ SG − γ LS )/γ LG , where γ SG , γ LS , and γ LG are the solid−gas, liquid− solid, and liquid−gas surface tensions. We can assume that γ LG is independent of k while γ SG should depend only weakly on k due to the low density of the vapor. The dominant dependence on k is thus given by the liquid−solid interface energy. This surface energy should behave as γ LS (k) = a − bk 2 , where a and b are some constants. This is because the main contribution to the solid−liquid energy is the dipole−dipole interactions between the water molecules and the surface silanol groups. Since the surface dipole moment causes polarization of the water layer next to the interface (see ref 37), which is proportional to k, then the interaction energy of the surface and the water layer at the interface should be proportional to −k B. Force, Pressure and Surface Tension for Water AS and TS Bridges. In this section, we focus on AS and TS bridges and study the forces and pressures that the water bridges exert on walls with different surface polarities, k. This is important for practical applications, e.g., to quantify forces The Journal of Physical Chemistry C Article induced by capillary bridges in AFM experiments and in granular materials where humidity can induce the formation of capillary bridges between surfaces. Yet, the main motivation of this section is to perform another test of CT at the 2−10 nm scale. Specifically, the forces and pressures on the surfaces induced by the bridges can be calculated directly from our MD simulations for different values of k (or contact angles θ c ), and these quantities can be compared with the corresponding predictions from CT.
During the MD simulations, we measure the force produced by the AS and TS bridges on each wall by calculating the sum of the forces between all water molecules and all atoms in the given wall. We evaluate the components F x , F y , and F z of the total force averaged over time. For both AS and TS droplets, the time averages of F x and F y converge to zero for large times, as expected, and hence, their deviations from zero provide an estimation of the force error bars. In addition, due to the symmetry of the system, we average the normal components of the force acting on the two walls: F z = (F ⃗ 1 ·n1 + F ⃗ 2 ·n2)/2, where F ⃗ i is the force acting on wall i = 1, 2 and nȋ is a unit vector perpendicular to wall i, pointing toward the bridge. We note that from the calculated F z we are able to measure other properties, such as the surface tension of water and the pressure inside the water bridges.
The net force along the z-axis at any cross section of the bridge must be constant, 1 independently of whether the bridge is AS or TS. Hence, if F z,neck is the force acting on a plane perpendicular to the bridge and passing through the capillary bridge's neck (i.e., at z = 0), it must be that F z,neck = F z . It can be shown that
where F γ is the force on the wall due the liquid−vapor surface tension γ and F P = PA b is the force on the wall due to the pressure P within the water bridge; here, A b is the area of the bridge's base. For AS bridges, F γ = 2πγr b sin θ c and F P = P(πr b 2 ) (Figure 1g ). For the TS bridges, F γ = 2Lγ sin θ c and F P = P(2Lr b ), where L is the bridge's length (equal to the box side length) and r b is half the thickness of the bridge's base (see Figure 1h ). Using Young−Laplace equation and assuming P ≈ 0 in the vapor phase, one can write P = −2γH. Therefore, the forces produced by the bridges on the walls are
for AS bridges and
for TS bridges. Similarly, the force at the neck of the AS bridge is given by
where C = r 0 − Hr 0 2 . For TS bridges, we obtain
where C = L − 2Lr b H. C is the neck parameter and can be obtained from Table 2 . We note that since we are considering different surface polarities, C = C(k).
The condition F z,neck = F z together with eqs 9 and 10 provide strong tests of CT for the MD simulations of the AS and TS bridges. Specifically, CT predicts that for AS bridges the force F z from MD simulations must be a linear function of C(k) and that the slope of this line should be 2πγ. Similarly, for TS bridges, the force F z must be a linear function of C(k) with slope 2γ. Figure 6 shows that our MD simulations are fully Table 1 . Fitting Parameters for the AS and TS Droplet Profiles (see Figure 1e,f) a Using Eq 1 small AS droplets large AS droplets TS droplets a ϵ is the error in of the fitting curve from eq 4. Errors in R and z c are ±0.05 Å. TS droplets wet the surface for k ≥ 0.65. Table 2 . Fitting Parameters for the AS and TS Bridge Profiles see Figure 1g ,h) Using Eqs 2 and 3 a AS bridges TS bridges a R 1 and R 2 are the radii of curvature of the bridge neck (i.e., at its middle-height point) on the x−y-plane and x−z-plane, respectively (see Figure  1g ,h). H = (1/2)(1/R 1 + 1/R 2 ) is the average surface curvature of the bridge, θ c is the contact angle, and ϵ is the error of the fitting curve from eq 4. For TS bridges, R 1 = ∞; r 0 is the thickness of the bridge neck. Errors in r 0 , R 1 , and R 2 are ±0.05 Å.
consistent with these predictions. Remarkably, the linear fits in Figure 6 (with zero intercept) for AS and TS bridges give, in both cases, γ = 0.054 ± 0.001 N/m 2 . This value of γ is consistent with the values of the liquid−vapor surface tension of SPC/E water available in the literature 45, 46 (see also next section).
We also test that the forces on the walls obtained from MD simulations obey eqs 7 and 8 for the case γ = 0.054 N/m 2 . Figures 7a and 7b show, for both AS and TS bridges, the forces acting on the walls measured directly from the MD simulations and the corresponding values from eqs 7 and 8 (in these cases, the values of r b are obtained from the bridge profiles in Figure  4) . Again, the agreement between MD simulations and CT is excellent.
We also calculate the hydrostatic pressure that the water bridge exerts on the walls as a function of the contact angle θ c and surface polarity k. From eq 6, it follows that the pressure in the water bridge is given by
which can be rewritten as
for the case of AS bridges and (13) for the case of TS bridges. We use these expressions to compute the pressures within AS and TS bridges from MD simulations (i.e., with γ = 0.054 N/m 2 , r b obtained from Figure  4 , and F z obtained from MD simulations). The theoretical value for the pressure is obtained from Young−Laplace equation, eq 14, considering that the pressure outside the water bridge is equal to zero and using the corresponding value of H from The Journal of Physical Chemistry C Article Table 2 . We verify that eqs 12 and 13 yield the same value of pressure predicted by eq 14; the corresponding values of P as a function of k and θ c are shown in Figures 8a and 8b. A surprising result follows from Figure 8a . The results from MD simulations indicate that for θ c < 37°and θ c < 90°, for the case of AS and TS bridges, respectively, the pressure on the walls is negative. Therefore, nanoscale bridges in the 2−10 nm range formed between hydrophilic surfaces may contain water under tension. This is consistent with recent experiments of nanoscale water bridges were the internal water pressure was estimated to be −160 MPa. 47−49 We stress that the pressure inside macroscopic AS bridges is always positive, and hence, this is a phenomenon inherent to the nanoscale dimensions explored. We also note the pressure inside the bridges can be very large (Figure 8a ), ≈250 atm, which is 2 orders of magnitude larger than the pressure of water bridges of ≈1 μm in size. It follows from this discussion that similar conclusions may hold for the forces that the water bridges exerts on the walls. For example, Figure 7 suggests that for large θ c one may find that F z < 0.
C. Calculating the Surface Tension with Kirkwood− Buff (KB) Method. We used the Kirkwood−Buff (KB) method 50 to test the self-consistency of CT at the nanometer scale. In this method, an orthorhombic simulation box (L x = L y < L z ) is created, and a slab of water molecules is placed at the middle of the box, parallel to the xy-plane, with a vacuum space above and below the water slab. Hence, the two liquid−vapor interfaces exist during the MD simulation. The surface tension γ can be calculated using the expression γ = L z ⟨2P zz − P xx − P yy ⟩/4, where P xx , P yy , and P zz are the diagonal components of the stress tensor. To calculate γ using the KB method, we simulate a water slab of N = 3375 water molecules in an orthorhombic box with dimensions L x = L y = 50 Å and L z = 140 Å. The simulation is run for 5 ns using the LAMMPS package and the principal component of the pressure tensor are calculated. At T = 300 K, we obtain ⟨P zz ⟩ = −2.8 ± 1.3 atm, ⟨P yy ⟩ = −81.7 ± 1.7 atm, and ⟨P xx ⟩ = −81.9 ± 1.4 atm, resulting in a value of γ = 0.056 ± 0.001 N/m 2 . This value is in good agreement with the value obtained from the studies of the nanoscale AS and TS bridge as well as with the values known from the literature for SPC/E water. 50 
IV. SUMMARY AND DISCUSSION
In summary, we present results from MD simulations of water droplets and bridges in contact with a family of hydrophobic/ hydrophilic surfaces characterized by different surface polarities. Our study is based on four different geometries: AS droplets, TS droplets, AS bridges, and TS bridges. From the MD simulations, we calculate the profile of the different droplets/ bridges and compare them with the corresponding prediction of macroscopic CT. We find an excellent agreement between the theory and simulations, even when the droplets/bridges studied are very small, with dimensions as small as 2 nm. We also calculate the contact angle of the droplets/bridges in contact with different walls and confirm that as assumed by CT, these contact angles are independent of the droplets/bridges geometry and depend solely on the walls considered.
In order to test the self-consistency of CT at 2−10 nm scales, we also calculate the capillary forces of AS and TS bridges formed between parallel walls. These forces are calculated directly from MD simulations and compared with the corresponding expressions of CT. Again, we find an excellent agreement between theory and simulations. We note that the physical quantities involved in these expressions are consistent with independent calculations. For example, the expressions for the forces produced by the bridges on the walls are correct if the liquid−vapor tension of SPC/E water is γ ≈ 0.054 N/m 2 . This value is in good agreement with the value of γ obtained using the Kirkwood−Buff method for a flat interface, and it is also consistent with the values of γ for SPC/E water reported in the literature. 50 Our MD simulations clearly demonstrate that the predictions of the macroscopic CT are correct at the nanoscale when the dimensions of the droplets/bridges are only several nanometers. This makes an important statement that CT can be successfully used to e.g. interpret results of the AFM experiments. We note that our simulations indicate that in order to describe the behavior of 2−10 nm size droplets and bridges, the surface tensions can be assumed to be independent of the droplets/bridges size and, hence, of the large surface curvature of these interfaces. In addition, we find no need to include line tensions to describe the geometries of the droplets/ bridges studied, i.e., at 2−10 nm scales.
Another important conclusion is that straightforward MD simulations of a scaled down model can successfully describe the capillarity phenomena in the system of the same geometry at micron and millimeter scales. These macroscopic phenomena can be simulated by various analytical and finite element For hydrophilic surfaces, pressures become negative (i.e., water is under tension) for θ c < 37°and θ c < 90°in the case of AS bridges and TS bridges, respectively. For hydrophobic surfaces, pressures become very large; e.g., for θ c ≈ 106°(k = 1), P ≈ 250 and 70 atm for AS bridges and TS bridges, respectively. methods. However, these methods are not easy to implement for a particular geometry, and hence MD simulations can provide a useful consistency check in these complex situations.
Beside these practical problems, our simulations suggests that CT may be applicable to fundamental problems involving the emergence of surface tension at the nanoscales where the characteristic lengths of the interface density fluctuations are comparable to the system size, such as in the case of homogeneous/heterogeneous nucleation and critical phenomena, 51−54 capillary condensation in nanoscale confinement, and dynamics of contact line spreading. LG 1 2 (14) Here, γ LG is the surface tension of the interface (gas−liquid interface, in our case), H is the mean curvature of the interface, and R 1 and R 2 are the principal radii of curvature (R 1 and R 2 can be negative or positive; see ref 1). Since the pressure in a liquid or gas at equilibrium must be constant at any point, the average curvature H must be constant over the entire interface. The Young equation relates the equilibrium surface tensions of the liquid−gas (LG), liquid−solid (LS), and solid−gas (SG) interfaces at the three phase line, and it is given by θ γ γ γ = − cos c
SG LS
LG (15) where θ c is the contact angle and γ LG , γ LS , and γ SG are the different surface tensions involved. Next, we describe how to obtain analytically the liquid profile for AS droplets, TS droplets, and AS bridges.
Profiles for AS and TS Droplets. We consider an AS droplet as shown in Figure 1e where r(z) is the droplet radius at height z. For the volume of the droplet above a given height z, the net force along the z-axis must be zero. Hence, the pressures inside and outside the droplet and the surface tension must satisfy 
where γ = γ LG and θ is the angle formed between the line tangent to the drop profile at height z and the z-axis, i.e., dr/dz = tan θ. It can be shown 1 that θ = +ṙ 
Then, eq 16 can be written as 
which is eq 2 that describe the profile of the AS bridge between hydrophilic (sign +) and hydrophobic (sign −) surfaces.
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